We theoretically analyze correlation effects on the transport properties of a benzene molecule that are mediated by interactions between the motion of the nuclei and the transmitted charge. We focus on the lowest-lying molecular vibrational mode which allows us to derive an analytic expression for the current. The results provide transparent interpretations of various features of the highly nonlinear current-voltage characteristics, which is experimentally accessible through resonant inelastic electron-tunneling spectroscopy.
We theoretically analyze correlation effects on the transport properties of a benzene molecule that are mediated by interactions between the motion of the nuclei and the transmitted charge. We focus on the lowest-lying molecular vibrational mode which allows us to derive an analytic expression for the current. The results provide transparent interpretations of various features of the highly nonlinear current-voltage characteristics, which is experimentally accessible through resonant inelastic electron-tunneling spectroscopy. Vibrations of atoms in molecules or solids play an important role for many intriguing phenomena in various fields of physics. In condensed matter novel states often emerge from phonon mediated collective behavior. Among them are conventional superconductivity, 1 colossal magnetoresistance, 2 and thermoelectricity. 3 Localized vibrational modes are also believed to stabilize the α-helix in protein and to be responsible for storage and transport processes. 4 In molecular electronics, the electron-phonon interactions strongly influence the conduction properties, contribute significantly to heating, and lead to nonlinear effects, including bistability, negative differential conductance, and hysteretic behavior.
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In these systems signatures of the interaction between charge carriers and molecular vibrations can be faithfully characterized by (resonant) inelastic electron tunneling [(R)IET] spectroscopy. 15, 17, 18 The importance of vibrational modes on the conduction properties of molecular transistors has been demonstrated in various seminal experiments.
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A wide range of theoretical studies concerning nonequilibrium properties of nanoscale devices are based on the nonequilibrium Green's function (NEGF) method evaluated in the frame of the local density approximation (LDA) (see e.g. Ref. 27 and 28 and references therein). On the one hand, the LDA-NEGF approach is a firstprinciples approach and as such makes it possible to study realistic devices, on the other hand, correlation effects, irrespective whether they are of electron-electron or electron-phonon character, are included only to low order. This can lead to unphysical results provided the interaction is strong.
29
In the theoretical approach, presented here, we start out from the exact expression for the current within the NEGF framework and employ a strong coupling cluster approximation to evaluated the required Green's functions (GF). 30, 31 This allows to exactly take into account all interaction of the nanoscale device itself, be it of electron-electron or electron-phonon nature, while treating the influence of the leads perturbatively. As an application, we investigate the nonequilibrium transport across a benzene molecule [ Fig. 1 (a) ] and observe that at low temperatures phonon mediated interactions leave a vibrational fingerprint qualitatively similar to those observed in (R)IET spectroscopy.
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At low temperatures we obtain a stepwise increase in the current at voltage differences given by twice the phonon energy, Fig. 1 (b) . This stepwise increase manifests in the conductance and in the differential shot noise through multiple, equally-spaced peaks, Fig. 1 (c) and (d), as well as in a branching of the diamond structure in the stability diagram, Fig. 3 . At low bias voltage the current is significantly suppressed due to electron-phonon interactions, which is reminiscent of the Franck-Condon blockade in molecular devices, 6 see inset of Fig. 1 (b) .
I. THEORETICAL DESCRIPTION
We consider a single benzene aromatic ring coupled to metallic leads, Fig. 1 (a) . The benzene molecule is modeled by the Hamiltonian
The first term describes the motion of the electrons,
where t is the hopping amplitude and the local energy, which can be controlled by the gate voltage V g , i.e., → + eV g . Electrons with spin σ on orbital i are created (destroyed) by c induces a current j that is significantly modified by the interaction between the nuclear motion and the charge. At low V b the current is suppressed, 6 see inset, whereas at large V b strong nonlinear behavior leads to a stepwise increase in the current, also manifesting in (c) the conductance and (d) the differential shot noise through multiple equally spaced peaks. The data is evaluated at T = 10K.
the dynamic phonons
with g m := g /2M ω m , g the electron-phonon interaction, M the mass of the nuclei, and D m the displacement matrix of eigenmode m, which is given by
with m ∈ {0, 1, . . . 5} .
The metallic leads are described by semi-infinite tightbinding chains with hopping t α , on-site energy α , and chemical potential µ α (α = left or right). We assume that the bias voltage eV b = µ l − µ r is applied symmetrically, i.e., µ l = l = −µ r = − r and that the leads are equilibrated, i.e., that the occupation follows the Fermi-
, where k B is the Boltzmann constant and T the temperature.
In this paper, we use the NEGF framework to evaluate the nonequilibrium steady-state properties along the lines presented in Ref. 30 . Due to the electron-phonon interaction it is in general not possible to solve the problem exactly and thus we employ Cluster Perturbation Theory (CPT): 33 In short, the system is first divided into several clusters, each of which can be solved exactly either analytically or numerically, taking correlations on the cluster level into account exactly. Strong coupling CPT is then employed to connect the individual clusters.
Here, we divide the molecular device into three clusters: (i) the central region consisting of the benzene ring with vibrational degrees of freedom and (ii) the left and (iii) right metallic leads which are connected to the molecular device. From the exact solution of the isolated interacting central region we obtain an approximate selfenergy of the full system. The results can also be systematically improved by incorporating lead sites into the central system. 30, 31 Based on considerations similar to those of Meir and Wingreen 34 we can show that within this CPT approach the current is of the Landauer-Büttiker form 35, 36 even though correlations are included exactly on the cluster level. In particular, we find
where T is the transmission coefficient matrix
This matrix contains the retarded (advanced) GF G
, where g R is the exact retarded GF of the isolated benzene molecule,Σ α := T cα g R αα T αc takes into account the effect of lead α on the GF, T cα is the tunneling coupling between the central device and lead α, and g R αα stands for the retarded lead GF. 30 In addition, the transmission T depends on the imaginary part of the lead induced self-energy via Γ α = −2 ImΣ α . Similarly, the expression for the shot noise, i.e., current-current correlations, in the zero frequency limit reads
In principle the nonequilibrium properties can be determined by solving the eigenvalue problem of H b numerically taking all vibrational modes into account using the formulas discussed above. Within this approach it is also straight forward to introduce electron-electron interactions giving rise to Kondo physics provided the molecule is (asymmetrically) electron or hole doped.
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In the present paper, however, we want to study the main effects generated by the electron-phonon interaction. In order to gain insight into the problem we focus on a single vibrational mode, in particular on the breathing mode illustrated in Fig. 1 (a) . Coupling the benzene ring to the leads breaks the C6 rotational invariance of the molecule. However, calculations reveal that a breathing-like mode should still exists in that case. A very appealing feature of this somewhat simplified mode is the fact that the resulting interacting model of the central region can be solved analytically and thus provides a transparent insight into phonon mediated correlation effects on the non-equilibrium physics of such a molecular electronic device.
II. ANALYTIC SOLUTION
For a single vibrational mode µ (not necessarily the breathing mode) we can readily eliminate the electronphonon interaction by a unitary transformation of the Lang-Firsov type. 28 To this end we first diagonalize the displacement matrix D µ X = XΛ, Λ is the diagonal matrix with the eigenvalues and X the corresponding matrix of eigenvectors, and transform the electron operators accordingly d = Xc, where we introduce the vector notation c † = (c † 1↑ , c † 2↑ , . . . c † L↓ ). The Lang-Firsov like unitary transformation is generated by the operator
All operators that are subject to the unitary transformation are denoted byŌ := e S Oe −S , which in particular
The Lang-Firsov transformation eliminates the explicit electron-phonon interaction and results in an effective HamiltonianH b =H e + ω µ b † b. The electronic GF entering the transport properties of the molecular junction [Eq. (3)] is transformed accordingly, i.e., g(k, ω) → g(k, ω) by replacing d † kσ →d † kσ in its definition. For the particular case of the breathing mode the matrices D µ and the matrix describing the nearest neighbor hopping commute and thus can be diagonalized by a common set of eigenvectors. In this case we find λ k = 2/3 cos k and X nk = exp(ikn)/ √ 6. The d † k thus create electrons with a given (angular) momentum k in the molecule. In the transformed Hamiltonian the electronic part becomes
After this transformation, the electron and vibrational degrees of freedom are completely decoupled but instead an attractive electron-electron interaction proportional to U := 2g 2 µ 3 ωµ emerges. At first sight Hamiltonian (7) might be reminiscent of the Holstein Hamiltonian; note however, that the parentheses enclose the sum in the second term, which gives rise to additional contributions mixing different angular momenta k.
The interacting Hamiltonian (7) can be solved exactly. The eigenvectors are of the form |n |K ↑ |K ↓ , i.e., they are tensor products of the oscillator eigenvectors |n and the Slater determinants |K σ := k∈Kσd † kσ |0 are composed of the molecular orbital operators d † kσ dressed by bond-distortions that are encoded in the Lang-Firsov factor of Eq. (6). In Eq. (7) the dressed particles (polarons) are conserved, however, the current is calculated for the electrons, which exhibit inelastic electron-phonon scattering. For the electron GF of a single spin-species we findḡ
with α k = √ U cos k and the energies are
N 0 is the equilibrium number of electrons in the benzene molecule and FS denotes the Fermi sea. The physical properties of the system are particularly transparent in the differential conductance which up to order
Along with Eqs. (3) and (8) it can be deduced that current pathways open up, whenever V b /2 is equal to an the excitation energy ω = E + kn + ω µ n in the particle sector or ω = −E − kn + ω µ n in the hole sector.
III. TRANSPORT PROPERTIES
Next, the impact of phonons on the transport properties will be investigated guided by the breathing mode of a benzene molecule. We use the parameters reported in Ref. 13 and 39 for the benzene molecule and the electronphonon coupling; in particular we set t = 2.5eV, = −1.5eV, ω µ = K/M = 0.086eV, and g µ = 0.18eV. In addition, for the metallic leads we choose t α = 12eV close to the wideband limit and the coupling between the leads and the benzene ring is t = 0.4eV. Therefore the smallest energy scale in the model is the phonon energy ω µ . The current evaluated at T = 10K (the temperature enters through the Fermi-Dirac distribution functions of the leads) for the rigid molecule as well as the molecule with the breathing mode is shown in Fig. 1 (b) . At low bias voltage we observe a suppression of the current due to electron-phonon interactions, reminiscent of the FranckCondon blockade, 6 see inset. Due to the electron-phonon mediated correlations (second term in Eq. (7)) the gap in the density of states of the benzene molecule widens considerably. Consequently, the threshold for the current increases to V b ∼ 4eV. Above the threshold the current increases stepwise, at voltage differences given by twice the phonon energy ω µ , until the next plateau is reached. The new current pathways are related to the vibrational excitations and the factor 2 is due to the argument V b /2 in Eq. (9) .
This also manifests in the differential conductance Fig. 1 (c) and in the differential shot-noise (d) through pronounced, equally spaced peaks. At the maxima of the conductance, the differential shot-noise, corresponding to the derivative of the current-current correlation for ω → 0, exhibits dips. 37 At low temperatures this is observable for a few low-energy peaks of the phonon branching. A detailed analysis of the differential conductance shows that the peaks are near the poles of the cluster GF g of the decoupled device. This is reasonable, since the effective coupling V /t 2 is small. Therefore, the impact of Σ α stems primarily from its imaginary part which determines the width and the weight of the individual peaks. So the measurement of these quantities can be used as a diagnostic tool to analyze the device and to extract information about the electronic and phononic excitations. In particular the equidistant peaks in the conductance and the tips in the differential shot-noise are a fingerprint of the bare vibrational excitations. One should notice, however, that for general vibrational modes the distance between the peaks does not need to be equidistant, since the electronic excitations will depend on the phonon occupation n, due toH e .
For increasing temperature the vibrational features are smeared out, since the phonon energy ω µ = 86meV is rather small and comparable to room temperature T = 300K = 26meV. In Fig. 2 , the current, the differ-ential conductance, and the differential shot noise are shown at different temperatures T = {10, 77, 300}K. With increasing temperature the steps in the current are smoothed out and the peaks in the conductance and the differential shot noise decrease significantly. In addition, the dips in the shot noise vanish.
Finally, we study the consequence of orbital gating, where the local on-site energy of the benzene molecule is changed by a gate voltage. Experimentally orbital gating has recently been achieved in Ref. 26 . The current as a function of the gate voltage V g and the bias voltage V b exhibits the celebrated diamond structure centered around the particle-hole symmetric point V g = 1.5V, Fig. 3 (a) . As compared to the rigid molecule, see Fig. 1 (b)-(d) , the area of the center diamond is increased due to the electron-phonon interactions and the transition between the diamonds involve several steps, best visible in the stability diagram, corresponding to the conductance in the V g -V b plane, shown in Fig. 3 (b) . The Fowler-Nordheim plots (c) which show ln(j/V compare well with the experimental observation in Ref. 26 . From these plots different tunneling regimes become apparent: At low bias voltage, the "logarithmic" dependence indicates direct tunneling, whereas for increasing bias voltage the curve has a large negative slope, indicating field emission. 26 Close to this bias voltage phonon mediated interactions manifest as small wiggles in the curves. When further increasing the voltage the next plateau is reached which is accompanied by a reentrance in the direct tunneling regime. Similarly to Ref. 26 the minimum of the curves move to larger bias voltage for increasing gate voltage reflecting the diamond shape of Fig. 3 (a) and (b) .
IV. CONCLUSIONS AND OUTLOOK
To summarize, we explored phonon mediated correlation effects on the transport properties of a single benzene molecule. We focused on an analytically tractable single-mode model that reveals a deeper understanding of the impact of phonons on experimental (R)IET spectra. The theoretical approach we presented makes it possible to determine non-equilibrium properties of strongly correlated nano-scale devices. When solving the interacting device totally numerically, other vibrational modes and electron-electron interactions can be included as well.
